We obtain finite parts (as well as ε-pole parts) of massive three-loop vacuum diagrams with three-point and/or four-point interaction vertices by reducing them to tetrahedron diagrams with both massive and massless lines, whose finite parts were given analytically in a recent paper by Broadhurst. In the procedure of reduction, the method of integration-by-parts recurrence relations is employed. We use our result to compute the MS effective potential of the massive φ 4 theory.
The momenta in Eq.
(1) are all (Wick-rotated) Euclidean, and the abbreviated integration measure is defined as
where n = 4−2ε is the space-time dimension in the framework of dimensional regularization, and µ is an arbitrary constant with a dimension of mass. The pole parts of all the integrals in Eq. (1) are known [1, 3] . Now, the problem is to the find the finite parts of these integrals in terms of the known transcendental numbers.
While massless multi-loop diagrams can be dealt with by essentially algebraic methods [9] , the situation is more complicated in the case of massive diagrams. In notation of Avdeev [10] , the above three-loop diagrams J, K, and L correspond to B N (0, 0, 1, 1, 1, 1), D 5 (1, 1, 1, 1, 1, 0), and D 5 (1, 1, 1, 1, 2, 0), respectively. The method of integration-by-parts recurrence relations, given in Avdeev's paper [10] , allows us to connect the integrals B N (0, 0, 1, 1, 1, 1), D 5 (1, 1, 1, 1, 1, 0) , and D 5 (1, 1, 1, 1, 2, 0) to the tetrahedron integrals B N (1, 1, 1, 1, 1, 1), B M (1, 1, 1, 1, 1, 1) , and D 5 (1, 1, 1, 1, 1, 1) . The analytic expressions of the finite parts, i.e., ε 0 order terms, for all tetrahedron vacuum diagrams with different combinations of massless and massive lines of a single mass scale were given in a recent paper by Broadhurst [8] . With the convention of integration measure used in Ref. 8 ,
we quote the results of Broadhurst which are relevant to our calculation:
where U 3,1 and V 3,1 are defined as
and can be expressed in terms of known transcendental numbers as
In the above equation, Li 4 (x), Cl 2 (x), Ls 3 (x), and Ls (1) 4 (x) are the polylogarithm, Clausen's polylogarithm, the log-sine integral, and the generalized log-sine integral, respectively [12] , whose numerical values at the given arguments are 
Using the the method of recurrence relations [9, 10, 13] , we can arrive at following connections:
,
where B 4 is proportional to the difference between B N (1, 1, 1, 1, 1, 1) and B M (1, 1, 1, 1, 1, 1) [13] , i.e., (1, 1, 1, 1, 1, 1) .
In Eq. (6), VL111(1,1,1) denotes a two-loop bubble integral, shown in Fig. 1 of the paper by Fleischer and Kalmykov [11] . Its value up to ε 3 order in the ε expansion can be found in Eq. (7) of Ref. 11. For all higher-order terms, one may refer to Ref. 14. For our desired accuracy, it is sufficient to take its value up to ε order:
From Eqs. (3) - (7), we eventually obtain 
We readily recover the values of J, K, and L in our original integration measure, Eq. (2), by using the following relations:
where the exp[ ] factor comes from an expansion of Γ 3 (1 + ε) and γ is the Euler constant. In the standard MS scheme [15] , the factors ln(4π) and γ are absorbed into the renormalization scale µ. Howerever, in the other widespread MS convention (see, e.g., Refs. 16 and 17), the factor ζ(2) is absorbed further into the scale µ. (This convention gives the same result in the one-loop diagrams and is more convenient in higher-loop massive calculations.) By introducing a new renormalization scaleμ,
the above three integrals J, K, and L are given as follows:
where
This completes the analytic evaluations of the three-loop vacuum integrals of Eq. (1) up to the finite parts. The purely numerical computation of the finite parts for some three-loop vacuum diagrams in a paper by Pelissetto and Vicari [18] enables us to extract the numerical values for F J , F K , and F L . In obtaining F J and F K , we assume first the unknown finite parts F J and F K for J and K in Eq. (10) since the pole parts are already known [1, 3] . Then, we differentiate J and K, twice and once, respectively, with respect to σ 2 . Meanwhile, we can differentiate J and K in Eq. (1), twice and once, respectively, with respect to σ 2 before the momentum integrations, yielding the three-loop diagrams given in Appendix B of Ref. 18 whose finite parts have been numerically calculated. By equating the results of the differentiations thus done, we determine the unknown values of F J and F K . The extracted results are
where the quantities S 1 , S 2 , S 4 , S 5 , S 6 , and S 7 were calculated numerically in Appendix B of Ref. 18 . We see that the numerical values of F J , F K , and F L given in Eq. (12) agree with the analytical values in Eq. (11).
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Our results, Eqs. (10) and (11) enable us to calculate the three-loop effective potential in the MS scheme for the singlecomponent massive φ 4 theory. The renormalization of the three-loop effective potential is straightforward, albeit long. Thus, we simply report the result: 
